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elementary submodel
(KENICHI TAMANO)
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elementary submodel . ,
, , elementary submodel
. , $\Sigma$
, elementary submodel . , La\v{s}nev
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1 . ELEMENTARY SUBMODEL
$V$ , (universe),
. ( ) , $=,$ $\in,$ $\vee,$ $\wedge,$ $\neg\forall,$ $\exists$
. $M$ $\phi$ , $M\models\phi$ ( $M$ , $\phi$ ) ,
$\phi$ , .
$M\models x=y\Leftrightarrow x=y$
$M\models x\in y\Leftrightarrow x\in y$
$M\models\neg\emptyset\Leftrightarrow\neg(M\models\emptyset)$
$M\models\exists x\phi(x)\Leftrightarrow\exists x(x\in M\wedge\phi(x))$.
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$M\prec V$ ( $M$ , V a elementarv submodel ) , $M$
$b_{0)}b_{1},$
$\ldots,$
$b_{n}$ , $\phi$ ,
$M\models\phi(b_{0}, b_{1}, \ldots, b_{n})\Leftrightarrow V\models\phi(b_{0}, b_{1, )}b_{n})$
. $M\prec V$ , $M$ , $M$
, elementar-v submodel .
2. ELEMENTARY SUBMODEL
Elementary submodel , 3 .
(a) $X$ , $X\subset M$ $V$ elemen-
tary submodel $M$ .
(b) $b_{1},$ $b_{2},$ $\ldots,$ $b_{n}\in M$ ,
$V\models\exists!x\phi(x, b_{1}, b_{2)}\ldots, b_{n})\wedge\phi(a, b_{1}, b_{2}, \ldots, b_{n})$
, $a\in M.$ , $M$
, $M$ .
(c) $a$ , $a\in M$ , $a\subset M$ .
( ) , , , $M$ $0$
. ,
$\exists!x(\forall y(\neg(y\in x)))$ .
, (b) $\emptyset\in M.$ , 1 ,
, $\emptyset\in M$ , $1\in M$ .
, $n$ $n\in M$ . , $\omega,$ $\omega_{1}$ ,
, , , $\omega\in M,$ $\omega_{1}\in M$.
( 1) $\phi(x_{1}, \ldots, x_{n})$ , $x_{1},$ $\ldots,$ $x_{n}$ , $\phi$
. , $\forall$ , $\exists$ ,
.
( 2 )(a) , $V$ elementary submodel
, , . ,
, , $V$ , $\theta$ hereditarily
$<\theta$ $H(\theta)$ . Elementary submodel ,
[B] 919, 920 2 ,
. [K] .
( 3 ) , $\omega_{1}$ elementary submodel $M$
, , $M$
. $M$ $\omega_{1}$ , $M\cap\omega_{1}$
. , $M$ $\omega$ $M\cap\omega_{1}$ , $M$
$\omega_{1}$ . $M\cap\omega_{1}$ , $M$
.
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3. $\Sigma^{\kappa}\omega$
$X$ , $\kappa$ cardinal , $X^{\kappa}$ $p$ .
$f\in X^{\kappa}$ , support $f$ ,
support $f=\{\alpha\in\kappa : f(\alpha)\neq p(\alpha)\}$
, $P$ base point $\Sigma$ , $\Sigma^{\kappa}X$ ,
$\Sigma^{\kappa}X=$ { $f\in X^{\kappa}$ : support $f$ , }
. , $\Sigma^{\kappa}X$ , Tychonoff $X^{\kappa}$
.
, Corson, Rudin, Gul’ko ,
. , $X$ tightness , $p\in X$
, $A\subset X$ , , $p\in c1A$ ,
$B\subset A$ , $p\in c1B$ .
( [Y]). $X$ \mbox{\boldmath $\sigma$} . ,
$n$ $X^{n}$ tightness , $\Sigma^{\kappa}X$ ,
.
Elementary submodel $\Sigma$ ,
, $\Sigma$ .
( ) $\Sigma=\Sigma^{\kappa}\omega$ , .
( ) , $\Sigma$ base point $0=(0, \ldots, 0)$ . $F,$ $H$
$\Sigma$ . Elementary submodel (a)
, $\{\kappa, F, H\}\subset M$ elementary submodel $M$ .
$A=\kappa\cap\prime M$ , $A$ , . $\pi_{A}$ : $\Sigmaarrow\omega^{A}$
. $(*)$ .
$(*)c1_{tv^{A}}\pi_{A}(F)\cap c1_{\omega^{A}}\pi_{A}(H)=\emptyset$
$(*)$ , $\omega^{A}$
$c1_{td^{A}}\pi_{A}(F),$ $c1_{\omega^{A}}\pi_{A}(H)$
, $\omega^{A}$ $U,$ $V$ , . , $\pi^{-1}(U),$ $\pi^{-1}(V)$
$F,$ $H$ .
, $(*)$ . ,
$f\in c1_{\omega^{A}}\pi_{A}(F)\cap c1_{\omega^{A}}\pi_{A}(H)$
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$f$ . $f’\in\Sigma$ ,
$f’(\alpha)=\{\begin{array}{l}f(\alpha)if\alpha\in A0if\alpha\in\kappa-A\end{array}$
. , $f’\in c1_{\Sigma}F\cap c1_{\Sigma}H$ , $F,$ $H$
.
$f’\in c1_{\Sigma}F$ . $f’\in c1_{\Sigma}H$ . $U$ $f’$
$\Sigma$ .
$U=U(\alpha_{0}, \ldots, \alpha_{n}, \beta_{0}, \ldots, \beta_{m} ; k_{0}, \ldots, k_{n}, 0, \ldots, 0)$
$=$ { $q\in\Sigma$ : $i\leq n,$ $j\leq m$ $q(\alpha_{1}\cdot)=k;,$ $q(\beta_{j})=0$ },
$i\leq n,$ $j\leq m$
$\alpha;\in A,$ $\beta_{j}\in\kappa-A$ ,
. ,
$V=\pi_{A}(U)$
$=\{r\in\omega^{A} : r(\alpha_{i})=k;\}$
, $f$ $\omega^{A}$ , , $h\in V\cap\pi_{A}(F)$
$h$ . , $h=\pi_{A}(g)$ $g\in F$ ..
,
$V\models\exists g\in F(g(\alpha_{0})=k_{0}, \ldots, g(\alpha_{n})=k_{n})$ .
1\ddagger
A
–
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$F,$ $\alpha;,$ $k;\in M$ , $M$ elementary ,
$\dot{M}\models\exists g\in F(g(\alpha_{0})=k_{0}, \ldots,g(\alpha_{n})=k_{n})$ .
$M\models\emptyset$ ,
$M\models g\in F(g(\alpha_{0})=k_{0}, \ldots,g(\alpha_{n})=k_{n})$
$g\in M$ . $g$ 1 $g’$ , $g’\in M$
, elementary ,
$V\models g’\in F(g’(\alpha_{0})=k_{0}, \ldots, g’(\alpha_{n})=k_{n})$ .
support $g’$ , $g’\in M$ , elementary
submodel (b) , support $g’\in M$ , , $\Sigma$ $g’$
support $g’$ , elementary submodel (c) ,
support $g’\subset M$ . ,
support $g’\subset\kappa\cap M=A$ .
,
$i\leq m$ , $g’(\beta_{j})=0$ .
$g’\in U\cap F$ . $f’\in c1_{\Sigma}F$ . I
4. $\Sigma$
Watson [W] , $\Sigma$ , elementary submodel
. ,
elementary submodel tree , .
, [T] .
. $X$ , $\Sigma$ , $\Sigma=\Sigma^{\kappa}X$ , .
( )
do $\epsilon M\varphi$
$\nearrow$
. $6_{0}$ , $\epsilon M<a_{0>}$ $\triangleright\wedge<\mathfrak{g}_{\acute{o}>}$
$\nearrow$ $*$
$b_{1}$ , $\alpha_{a^{C-}}\uparrowarrow 1<\theta 0,9_{1}>$ $\triangleright\{<b_{\text{ }\cdot b_{\backslash }^{J}\succ}$ $1^{\vee}1<\S;,$ $\mathfrak{g}_{t}>$ $\vdash\backslash <6_{b}’.b_{\iota}’>$
: ’: :
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$p\in X^{\kappa}$ $\Sigma$ base point, $\mathcal{B}=\bigcup_{i\in\omega}\mathcal{B}$ ; $X$ , $\mathcal{B}$ ; ,
discrete . $\Sigma$ 2 $F,$ $H$ ,
. $<\omega_{\beta}$ , $\mathcal{B}$
$B=\{B_{0}\rangle$ , $B_{n-1}\rangle$ . elementary submodel
$\{M_{B} : B\in<\omega \mathcal{B}\}$ , .
(1) {X, $\kappa,p,$ $F,$ $H,$ $\{\mathcal{B}$ ; : $i\in\omega\}$ } $\subset M_{\emptyset;}$
(2) $B\in<td\mathcal{B}$ , $B\in M_{B;}$
(3) $B,$ $B’\in<\omega_{\mathcal{B}}$ , $B\subset B’$ , $M_{B}CM_{B’}$ .
,
$\mathcal{U}=\{U=U(\alpha_{0}, \ldots, \alpha_{n-1} ; B_{0)}\ldots, B_{n-1})$ : $n\in\omega$ ,
$i<n$ , $\alpha;\in M_{\{B_{0},\ldots,B_{i-1})},$ $U\cap H=\emptyset$ };
$\mathcal{V}=\{U=U(\alpha_{0}, \ldots, \alpha_{n-1} ; B_{0}, \ldots, B_{n-1})$ : $n\in\omega$ )
$i<n$ , $\alpha_{i}\in M_{\{B_{0},\ldots,B_{i-1})\prime}U\cap F=\emptyset$ }
, $\mathcal{U},$ $\mathcal{V}$ , $\Sigma$ \mbox{\boldmath $\sigma$}-discrete ,
$FC\cup \mathcal{U}\subset X-H$ ,
$H$ $\mathcal{V}CX-F$
. , $F,$ $H$ . I
5. LA\v{s}NEV $\Sigma$
LineL . Sequential fan
$S(\kappa)$ , $\kappa$ ,
, La\v{s}nev . $\Sigma$ ,
, La\v{s}nev $\Sigma$ , ,
.
( ). $X$ $La\check{s}nev$ , $\Sigma$ , $\Sigma=\Sigma^{\kappa}X$ , .
La\v{s}nev , $\sigma$ , 3
, La\v{s}nev , tightness
. , $S(\omega_{1})xS(\omega_{1})$ , tightness .
. $\Sigma$
, tightness
. , , tightness
.
( $ToDOR\check{C}EVI\acute{C}$ , ). $\Sigma^{\kappa}S(\omega_{1})$ , .
, . , tightness
, ,
.
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. $n\in\omega,$ $X=S(\omega_{1})^{n},p\in X,$ $A\subset X$ , $P\in c1A$ ,
BC $A$ , $\neg(p\in c1B)$ . , $p$ ,
$\{U(\alpha):\alpha<\omega_{1}\}$ , $A$ , .
$f\mathfrak{o}3^{\underline{\text{ }}}$.
(1) $\kappa$ $\Sigma^{\kappa}S(\omega_{2})$ , .
$S(\omega_{2})xS(\omega_{2})\cross\omega_{1}$ , . , $\omega_{1}$ ,
.
(2) $X$ $La\check{s}nev$ , weight $\omega_{1}$ , $\Sigma^{\kappa}X$ ,
.
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